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Boolean functions of a and b

What are these?

ab a-b a-b a-b
Consider them as a function
fo(a,b) = ab fi(a,b) = ab f.(a,b) = ab f.(a,b) = ab
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Boolean Function Definition for f. = 1

fo(a,b) = ab fl(a:b) = ab fz(a’b) = ab f3<a’b) = ab
a b|f a b|f a b|f, a b|f,
0O 01 0O 01O 0O 010 0O 0]0
0O 110 0O 1|1 0O 110 O 110
1 010 1 0]0 1 011 1 01]0
1 11]0 1 1]0 1 1|0 1 111

Z ::)—a-b

ab=1 =
(a=1) A (b=1)

a-b=1 when
(a=0) A (b=1)

a-b=1 when
(a=1) A (b=1)

ab=0

for other three cases

ab=0

for other three cases

ab=0

for other three cases

ab=0

for other three cases
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Alternative Boolean Function Definition (1)

fO(Cl,b) = aB fl(a’b) = ab fz(a;b) — Cll_) fg(a:b) = a-b
a b|f, a b|f a b|f, a b|f,
0 0]1 0O 0]0 0O 0|0 0 010
0O 1]0 0 111 0O 1]0 0 110
1 0|0 1 0|0 1 0|1 1 0}]O0
1 1|0 1 11}0 1 1|0 1 1|1
(a+b)-(a+b)-(a+b) (a+b)-(a+b)(a+b) (a+b)-(a+b)-(a+b) (a+b)-(a+b)-(a+b)
a b (a+b)-(a+b)(a+b) a b (a+b)(a+b)(a+b) a b (a+b)(a+b)(a+b) a b (a+b)(a+b)(a+b)
0 0 (0+0):(0+0)-(0+0)=1 0 0 (0+0)-(0+0)-(0+0)=0 00 (0+0)-(0+0)-(0+0)=0 0 0 (0+0):(0+0)-(0+0)=0
0 1 (0+1)(0+1){0+1)=0 0 1 (0+1)(0+1)(0+1)=1 01 (0+1)-(0+1)(0+1)=0 01 (0+1)(0+1)(0+1)=0
10 (140)(1+0)-(1+0)=0 10 (140)(1+0)-(1+0)=0 10 (1+0)(1+0)-(1+0)=1 10 (1+0)(1+0)-(1+0)=0
11 (1+1)(1+1)(1+1)=0 11 (1+1)(1+1)(1+1)=0 11 (1+1)-(1+1)(1+1)=0 11 (1+1)(1+1)-(1+1)=1
fo(a,b) = ab fila,b) = ab f,(a,b) = ab fi(a,b) = ab

= (a+b)-(a+b)-(a+b)

f3(a:b) =
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Alternative Boolean Function Definition (2)

f.(a,b) = ab f.(a,b) = ab f,(a,b) = ab fy(a,b) = ab
ab=1 = ab=1 @ ab=1 = ab=1 =
(a=1) A (b=1) (a=1) A (b=1) (a=1) A (b=1) (a=1) A (b=1)

a-b =1 when
(a=0) A (b=1)

a-b=1 when
(a=1) A (b=0)

a-b=1 when
(a=1) A (b=1)

fl(a’b) -
(a+b)-(a+b)-(a+b)

fyla,b) =
(a+b)-(a+b)-(a+b)

f3(a,b) =
(a+b)-(a+b)-(a+b)

(a+b)-(a+b)-(a+b) =0 =

(a+b=0)v(a+b=0)Vv(a+b=0)

(a+b)-(a+b)-(a+b)=0 =
(a+b=0)Vv(a+b=0)Vv(a+b=0)

(a+b)-(a+b)-(a+b)=0 =
(a+b=0)V(a+b=0)Vv(a+b=0)

(a+b)-(a+b)-(a+b)=0 =
(a+b=0)Vv(a+b=0)Vv(a+b=0)

= Ql
Q9 9 &
| | Y
_ = O
vvvo
> > >
vvv§
1 | N T
_ O = S
—_

<

Q
Q9 Q o
i1 I

(@]

/o
e e

ab=0
[(a=0)A(b=0)]V
[(a=0)A(b=1)]V
[(a=1)A(b=0)]
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Boolean Function Definition for f. = 0

fola,b) = fila,b) = fala,b) = fs(a,b) =
(a+b)-(a+b)-(a+b) (a+b)-(a+b)-(a+b) (a+b)-(a+b)-(a+b) (a+b)-(a+b)-(a+b)
a b|f a b|f, a b|f, a b|f,
0O 0|1 0O 0fO 0O 010 0O 010
0O 1|0 0O 1|1 O 1|0 0O 110
1 0]0 1 0]0 1 01 1 0]0
1 110 1 110 1 110 1 1)1

HAL
. YYY
Y
VoY

SIS a S Q

(a+b)-(a+b)-(a+b) = (a+b)-(a+b)-(a+b) =0 (a+b)-(a+b)-(a+b) =0 (a+b)-(a+b)-(a+b) =0
(a+b=0)v(a+b=0)v(a+b=0) (a+b=0)Vv(a+b=0)v(a+b=0) (a+b=0)Vv(a+b=0)Vv(a+b=0) (a+b=0)Vv(a+b=0)Vv(a+b=0)
(a=0Ab=1)V (a=0Ab=0)Vv (a=0Ab=0)Vv (a=0Ab=0)V
(a=1Ab=0)Vv (a=1Ab=0)Vv (a=0Ab=1)V (a=0Ab=1)V
(a=1Ab=1) (a=1Ab=1) (a=1Ab=1) (a=1Ab=0)
i i i i Young Won Lim
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Logic gates in terms of f.

Usef, f, f,, f.to express logic gates

ab a+b ae®b a®b

B 2o ) o ) e

a b|e a b|+ a bl|le® a b|e®
O 010 0 0]0 0O 010 0O 011
0O 110 0 1)1 0 1|1 O 110
1 010 1 0]1 1 011 1 0|0
1 111 1 1]1 1 1]0 1 1]1
ab = f; atb = f+f,+f; a®b = f,+f, a®b = fotfs

a+b = a®b+ ab
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XOR gate in terms of f.

Use f , f,to express an XOR logic gate

adb fila,b) = ab f,(a,b) = ab
a ble a b|f a b|f,
0O 010 0O 01]0 0 010
0O 1|1 — 0O 111 —I— 0O 1|0
1 011 1 0]0 1 011
1 1|0 1 1]0 1 110

Ql

a
b jD— a®b _
b a-b
defined by the truth table

a®b =1 =
(a=1 A b=0) Vv (a=0 A b=1)

SHRS
| |
2
SH

ab+ab = 1 =
(a-b=1) Vv (a-b=1) e= _ _
(a=0Ab=1) V (a=1Ab=0) ' '

combined by the minterms
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XNOR gate in terms of f,

Use f, f,to express an XNOR logic gate

adb fola,b) = ab fs(a,b) = ab
a bl|le& a b|f, a b|f,
0O 010 0O 01 0O 010
0 1|1 p— 0o 1]o0 —|— 0 1]o0
1 011 1 0160 1 010
1 11]0 1 11|60 1 111

a _
" :)Do— a®b a_ o a_

B p— a'b b p— a'b
defined by the truth table

a®b =1 =
(a=0 A b=0) Vv (a=1 A b=1)

E-B_+ ab = 1«
(a-b=1) Vv (a-b=1) «=
(a=0Ab=0) V (a=1Ab=1)

combined by the minterms

a-b+ab
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OR gate in terms of f,

Use f , f,, f.to express an OR logic gate

1’ "2
a+b f,(a,b) = ab f,(a,b) = ab fila,b) = ab
a b|+ a b|f a b|f, a b|f,
0 o]o 0o o]o 0 oo 0 oo
0o 1]1 — 0o 1|1 —I— o 10 —I— o 10
1 01 1 0]o0 1 0f1 1 0fo
1 11 1 1]o0 1 1]o0 1 11

Ql

a-b

a —
) S “ 31 b
defined by the truth table

a+b=1 =

(a=0 A b=1) v (a=1 A b=0) V (a=1 A b=1)

SHRS
Q
2

S
SIS
Q

a-b+a-B+a-b_: 1 =
(a-b=1) Vv (a-b=1) V (a-b=1) = G-b+ab+ab
(a=0Ab=1) VvV (a=1Ab=0) Vv (a=1Ab=1)

combined by the minterms
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Adding three 1-bit numbers

—
(3 %
\ 0 0 1 1
C, + <—t y 0 1 0 1
! | + 0] + 0] + 0] + 0]
- 00 0 1 0 1 1 O
S
no binary position assumed
a 0 0 1 1
b 0 1 0) 1
+ Ci + 1 + 1 + 1 + 1
c.|ls 0 1 1]/ 0 1]/ 0 11
*

implicit binary position
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A 4-bit adder

* explicit binary position * explicit binary position * explicit binary position *

S3 SZ Sl S0
24 23 2! 20
2 3, a 3y
by b, b, by
v e L Gl v ¢,
24 23 28 22 22 21 2t 20
enforcing binary position enforcing binary position enforcing binary position
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K-maps for output c_ and s

abc c abc s

O00O0(O 00O 0

0010 001 1

O010(0 010 1

0111 011 0

1 00|0 ab Co 100 1 ab S

10 1|1 ¢\ 00 01 11 10 101 0 ¢\ 00 01 11 10
11 0|1 ©°0 0710 110 0 ° 0 0
111|1 1 1 111 1 1 0 0
inputs inputs

¢, = a-b-c,+a-b-c,+ab-c+ab-c, s = a-b-c,+abc,+ab-c +ab-c,

o

= a-b+ b-c;+c;a  bythe K-map simplification

c, = (a'b + ‘1‘5)'(31 + (a’b)'(ai + Ci)

(o]

= (a®b)-c,+ a'b by the insight
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Hand minimization for the output c_and s

c, = a-b+ b-c,+c;a s = a-b-c,+a-b-c,+a-b-c,+ab-c
= a-b+(a+b)-c,. a+b = m,+m,+m, minterms — ch +abc+abc+abc
= a-b+(a-b+ab+lab)c, = (a-b +a-b)-c, +(ab+ab)c
= a-b+lab-c,+(ab+ab)c = (a®b)-c,+ (a®b)-c,
= a-b(1+c,)+(a®b)c, = (a®b)oc,
= a-b+(a®b)-c

Full Adder
Half Adder Half Adder
a X \ Xe®y ad®b X X ® = ( @b)@
) \ y s = (a C;
b y /D: Cl' y /D
—xy vy (aob)e,
= | D —D»
c, a-b c, = (a®b)-c,+ ab
Combinational Circuits (4A) 15 voung Wor Lim



Full Adders and Half Adders

a b
vy [0] [0]
Co<_ HA + +@ + +@
; (1[0} [o][a] [ofla] [0][0O]

s
Vv o [©
(0] 0
c, «— FA =c +[0] +[0] +[0] +[0]
; ojfo] [oJ[a] [ofla] [1][0]

s
(0] [0]
(0] [0]
+ 1] +[1] +[1] + [1]
ojf1} [2]lo]  [1][0]

k
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Truth Table

Co

CO -— + - Cj

) «—
P P P O O O O X
, OO Fr P O Of|<
R OFR OFr OFR OfN

o

O O Fr Fr OFrLr O|T

=
=

inputs output
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Truth Table
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